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e Pressure-salinity maps identify favorable salinity-gradient power conditions.
e Mean gross-power error across five runs is 2.40%.

o Fitted optimal-pressure maps differ by 0.03 bar on average.

¢ Membrane-region error is 20.3% lower than in a matched global model.

o Full-field prediction is 175 times faster; break-even occurs at 504 queries.
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Physics-informed modeling of salinity-gradient power
generation and operating conditions

Abstract

Salinity-gradient power generation converts the energy released by mixing low-
and high-salinity water into hydraulic power. Recoverable gross power depends
on the applied pressure and the salinity difference across the membrane,
so a search for suitable operating conditions can require many transport
simulations. A physics-informed model represents the feed and draw channels
separately and couples them through membrane transport conditions. The
numerical analysis used 210 finite-element simulations spanning the main
operating range, unseen points, and nearby boundary conditions. Mean errors
were 2.54+0.17% for concentration, 2.40+0.19% for gross power, 2.82+0.11%
near the membrane, and 1.12 + 0.05% for interface flux balance. The model
reproduced the pressure-dependent power maximum and the increase in
available power with salinity difference. Smooth operating maps fitted to
the held-out results differed by 0.03 bar on average for optimal pressure and
by 0.48% for maximum gross power. A full-field prediction required 0.087 s,
giving a 175-fold speed increase. The combined data-generation and training
cost was offset after about 504 queries. The model enables rapid screening of
pressure and salinity combinations before selected conditions are examined
with high-fidelity simulation.

Keywords: Pressure-Retarded Osmosis; Salinity-Gradient Energy; Gross
Power Density; Physics-Informed Modeling; Operating Conditions; Surrogate
Modeling

1 1. Introduction

2 Salinity-gradient energy can be harvested wherever water streams with
s contrasting salt concentrations coexist. Pressure-Retarded Osmosis (PRO)
s converts this gradient into hydraulic work by drawing water from a low-
s salinity feed into a pressurized draw stream. For a given feed—draw pair,
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hydraulic pressure is the central operating decision. Low pressure leaves part
of the available mixing energy unused, and excessive pressure suppresses water
transfer. Studies in Renewable Energy have examined full-scale operating
optimization [1], spiral-wound module behavior [2], alternative module layouts
[3], and non-ideal process models [4]. Across these studies, pressure, salinity,
flow rate, and membrane transport define the useful operating range.

Gross areal power equals hydraulic pressure multiplied by membrane-
averaged water flux. Early PRO experiments established a pressure-dependent
maximum [5], and later analysis linked its location to the membrane-side
osmotic-pressure difference [6]. Concentration polarization changes the lo-
cal driving force, as summarized in the feasibility review by Lee et al. [7].
Membrane-focused work further shows how material properties and polariza-
tion limit performance [8]. Thermodynamic and module-scale losses shape
the pressure—power response [9], and finite salt permeability adds another per-
formance limit [10]. Commercial-length channel models resolve axial changes
in concentration and flow [11]. Module-scale analysis captures the resulting
variation along the membrane [12]|, and spiral-wound models quantify the
additional effects of channel configuration and pressure loss [13]. The scalar
power response depends on the membrane-side concentration field.

High-fidelity transport models resolve channel flow, ionic transport, elec-
trostatic closure, membrane-normal water transfer, and the concentration
gradients entering the power calculation. Recent reviews trace the devel-
opment from analytical descriptions to detailed numerical and multiscale
formulations [14]|. These models are practical for selected conditions. Dense
pressure—salinity maps are useful for comparing water-source combinations
and locating the pressure range that yields the highest gross power. Pro-
ducing such maps may demand hundreds or thousands of forward solutions,
making repeated evaluation a central cost in full-scale optimization [1] and
process-design studies [4].

Reduced-order and data-driven surrogates lower online cost by learning
a parameter-to-field map from completed simulations. Proper Orthogonal
Decomposition with Radial Basis Function Interpolation (POD-RBF) is
efficient for low-dimensional solution manifolds [15]. Deep Operator Network
(DeepONet) learns nonlinear operators from paired functions and responses
[16]. Fourier Neural Operator (FNO) represents parametric solution maps
through spectral convolutions [17]; the broader neural-operator framework
is reviewed by Kovachki et al. [18]|. Physics-informed operator learning adds
equation residuals to the operator objective [19]. Their accuracy depends on
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the coverage of the training fields. The membrane occupies a narrow part of
the domain, so a small global error can coexist with a larger interface error
that directly affects water flux and power.

Physics-Informed Neural Networks (PINNs) combine sparse observations
with residuals of the governing equations and boundary conditions [20]|. Their
engineering and multiphysics applications are reviewed by Karniadakis et al.
[21] and Cuomo et al. [22]; mixed-variable formulations extend the approach to
coupled fields [23]. A parameterized network can span a family of operating
conditions. Training can become unstable when residual terms generate
gradients of very different magnitudes [24]. Standard training also becomes
sensitive as the governing problem and parameter range grow more difficult
[25]. Unequal convergence rates among loss components have been linked
to training failure 26|, and broad benchmarks confirm strong sensitivity to
formulation and optimization choices across partial differential equations
[27]. Residual connections support the optimization of deeper networks [28].
Trainable activation slopes [29], adaptive weighting [30], and residual-based
sampling [31| address distinct parts of the training problem. In PRO, a
single global network must also resolve the concentration contrast across the
membrane.

Domain decomposition assigns separate approximators to physically dis-
tinct regions. The Extended Physics-Informed Neural Network (XPINN)
couples space-time subdomains through interface residuals [32|. Conserva-
tive Physics-Informed Neural Networks impose conservation across discrete
subdomains [33|. Finite-Basis Physics-Informed Neural Networks (FBPINNs)
localize the approximation with overlapping windows [34|. A gating net-
work allows adaptive soft decomposition [35], and multilevel Schwarz-type
architectures extend the idea across scales [36]. PRO has a natural two-
domain geometry, with one network for the feed channel and one for the
draw channel. Water permeation, normal-velocity consistency, tangential
no-slip, solute rejection, and electrical insulation couple the two predictions
at the membrane. The arrangement preserves distinct channel states and
applies interface residuals directly to the quantities used in the gross-power
calculation.

To separate architectural effects from network size, the comparison includes
a parameter-matched global Residual-Network Physics-Informed Neural Net-
work (ResNet-PINN). Operator models receive complete training fields, and
the PINNs use sparse Finite Element Method (FEM) anchors with physics
residuals. Each finite-element case belongs wholly to the training, validation,
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test, or boundary and Out-of-Distribution (OOD) partitions. Spatial samples
from the same reference field never cross partitions.

Evaluation covers global concentration error, membrane-band error,
interface-flux imbalance, mass closure, gross-power error, condition-level
variation, boundary behavior, optimal-pressure agreement, and computational
break-even. Independent quadratic fits to the held-out finite-element and
surrogate outputs summarize pressure-salinity trends. Condition-wise
surrogate errors are calculated directly from the original held-out cases. The
framework recovers the pressure-dependent gross-power response across feed
and draw salinities and retains the membrane-scale fields that govern it.

The study combines four elements:

1. pressure—salinity maps for recovering preferred pressure and maximum
gross power across the modeled operating range;

2. a parameterized membrane-scale model linking hydraulic pressure and
inlet salinities to coupled transport fields, membrane water flux, and
gross power density;

3. a two-subdomain ResNet-PINN with direct membrane coupling and
sparse finite-element anchors drawn exclusively from training cases; and

4. a capacity-controlled comparison with global PINNs, DeepONet, FNO,
and POD-RBF, together with condition-level analysis, online timing,
and end-to-end query cost.

2. Salinity-gradient power transport and gross-power model

2.1. Geometry, variables, and scope

We consider a steady two-dimensional domain
Q=10,L] x [0, H], (1)
with an internal membrane at
T = Ly, 0< L, <L. (2)

The draw channel occupies 0 < x < L,, and the feed channel occupies
L,, < & < L, defining the subdomains Q@ and Q). The coordinate z is
normal to the membrane and y is tangential to it. Inlet and outlet boundaries
are located at y = 0 and y = H; = 0 and x = L define the outer
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Figure 1: Membrane-scale PRO domain.

channel walls. Figure 1 shows the reduced geometry, including the channel
arrangement and coordinate directions.

The state variables are velocity u = (uy,u,), pressure p, ionic concen-
trations ¢; for i € {4, —}, and electric potential ¢. The fluid is Newtonian,
incompressible, and isothermal, with constant density, viscosity, diffusivi-
ties, valences, and permittivity. The membrane is a zero-thickness interface
with complete salt rejection. The model excludes support-layer transport,
reverse salt flux, spacers, fouling, concentration-dependent properties, and
module-scale pressure loss.

Mesh resolution and collocation density are increased near I';,, where the
concentration changes most sharply and the membrane-normal velocity enters
the power calculation.

For a 1:1 electrolyte, the osmotic pressure is approximated by the van’t

Hoff relation
T=RTY ¢, (3)

where concentrations in the governing equations are expressed in molm=3.
Molar operating values are converted before Eq. (3) is evaluated. This ideal-
solution form is widely used in PRO analysis [6]. Non-ideal seawater properties



128

129

130

131

132

134

135

136

138

139

140

141

142

143

144

become more important at high salinity [37], as discussed in recent PRO
reviews [14].

2.2. Governing equations

2.2.1. Incompressible flow

In each subdomain, the steady incompressible Navier—Stokes equations
are

V-u=0, (4)
p(u-V)u=—Vp+ uV3u. (5)
The Cauchy stress is
o=—pl+pu(Vu+Vu'). (6)
2.2.2. lon transport
For each ionic species,
V-Ji =0, (7)
with Nernst-Planck flux
Di P .
Ji = uc; — DZVCl — ZRTCZ'V(b, 1€ {+, —}. (8)
Equivalently,
D F
V. (uci — DV, — = - cngb) = 0. 9)

2.2.3. Electrostatic closure
The auxiliary potential field satisfies

=V - (eV9) = p., Pe = FZ ZiCi, (10)

where ¢ = €,6¢. The equation is used as a bulk electrostatic closure. Interfacial
diffuse-charge dynamics are outside the resolved length scale of the model

[38].
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2.3. External boundary conditions
Let I’ i(i), ng)t, and ng ) denote the inlet, outlet, and outer wall of subdomain
s € {f,d}, and let n® be the outward unit normal on its external boundary.

A prescribed laminar tangential velocity profile is imposed at each inlet,
u® =uy(z)  on T, (11)
and the outer walls are no-slip,
u® =0 onI. (12)

The hydraulic pressure difference enters the flow problem through side-
specific outlet tractions. The feed outlet defines the pressure datum, and the
draw outlet carries the imposed pressure AP:

o = on '), (13)
o@n@ = _Apn@ on F(()i)t. (14)

This definition gives AP = pg — py > 0 for a pressurized draw channel. The
membrane supports this pressure difference, and pressure and normal traction
remain discontinuous across the zero-thickness interface.
At the inlets,
) = ) on I (15)

2,in

Outer walls are impermeable to ions,

J®.n® =0  onT®, (16)

(2
and the diffusive and migrative outlet components vanish,

ZzDZF

DS
( iV, T

CES)V¢(S)) . n(s) = 0 on ng)t (17)

Electrically insulating conditions are applied at the outer walls and outlets,

Ve®.n® =0  onT®urt (18)

out*

Because the ideal rejecting membrane electrically separates the subdomains,
each potential field has its own gauge condition,

¢®) =0 onT® cTW. (19)

ref = ~in
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2.4. Membrane-interface closure

Let m@ = —e, and m(¥) = e, denote unit normals directed from the
membrane into the draw and feed channels, respectively, and let t be the
tangential unit vector. The membrane-side osmotic-pressure difference is

An(y) = RT' Y | (Ln,y) - P (L) (20)

The local water flux is
July) = A[An(y) - AP]. (21)
Kinematic consistency requires
u@ . m@ — Ju, a) . ml) = —Jy onT,, (22)
The stationary membrane imposes tangential no-slip on both faces,
u.t=0, u?.t=0 onl,. (23)
For the perfectly rejecting baseline membrane,
IV mW =0, JP.m@D=0 onl, ic{+ -}  (24)
and no normal electrical current is admitted,
Vo). m¥) =0, Vo @ . .m@ = onT,,. (25)

Equations (13)—(25) close the two fluid subproblems and preserve the pressure
and potential discontinuities of the ideal membrane.

2.5. Gross power density and operating variables
The membrane-averaged water flux and areal power density are

— 1
To=
Tl Jr,,

The formulation retains the membrane-side concentration gradients that de-
termine water flux and gross power density. The three operating inputs are
hydraulic pressure, feed salinity, and draw salinity. Positive water transfer
requires AP < Am locally. If the membrane-side osmotic jump were indepen-
dent of pressure, substitution of Eq. (21) into Eq. (26) would give a concave
quadratic power response with an ideal maximum at AP = Ax/2. In the
coupled model, Ar varies along the membrane and changes with the flow
and concentration fields, so the maximizing pressure must be recovered from
the full transport solution. The resulting surrogate is used to evaluate this
membrane-scale operating window over pressure and salinity.

J ds, P =J,AP. (26)
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3. Membrane-aligned physics-informed surrogate

3.1. Domain-decomposed representation
Two subnetworks approximate the feed and draw solutions,

NG(;) : (377 y, AP, Cts Cd) = <U(f) U(f)’p(f)’ C(+f), C(j)’ ¢(f)) ’ (27)

z Yy
Ne(j) (@, y, AP, cp, cq) — <u(d) u(® p(d),cf),c(_d), (d)> . (28)

z %y

The networks share an architecture and have independent parameters. Hy-
draulic pressure and inlet concentrations enter both subnetworks, allowing
one trained model to cover the full parameter window. Each interior point
is routed to its physical channel; membrane points pass through both sub-
networks. Paired feed-side and draw-side predictions at the same tangential
coordinate define the coupling loss. Separate interface values are retained on
the two sides, preserving the concentration jump used by the water-flux law.
Each subnetwork uses fully connected residual blocks,

h+D) — KO 4 _7:(h(é’); W“), b(f)) : (29)
with trainable activation scaling
0.(z) = tanh(az). (30)

Residual connections support optimization under the composite objective [28].
The learned slope a follows the adaptive-activation formulation of Jagtap
et al. [29] and adjusts the effective nonlinearity across the smooth channel
interiors and the sharper membrane-adjacent region.

3.2. Normalization
Coordinates and operating variables are mapped to [—1, 1] using the limits
of the in-domain training box. For example,
Y AP — APmin

T
x L Y y H Y APmaX—APmin Y ( )

with analogous transformations for c¢; and ¢4. Outputs are scaled by Uy =
1073 m s~ pg = 10° Pa, ¢y = 10*> mol m—3, and ¢y = RT/F":

- u ~ p ~ G g‘g ¢
u=-—, p=—  G=_, =—.
U[) Po Co ¢0

All Partial Differential Equation (PDE) residuals and interface residuals are
evaluated in nondimensional form before loss aggregation.

(32)
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3.3. Physics-informed objective
Let RY . R RY and R denote the nondimensional residuals of

cont» 1

Egs. (4), (5), (9), and (10). The subdomain PDE loss is
L5305 = Acont (I RS 1?) + Amom (RS20 + 26 D (RSP + A6 (RS, (33)

7

where (-) denotes the sample mean. The total PDE term is
Love = Lfs + LD (34)

The Boundary Condition (BC) loss collects the inlet, outer-wall, side-specific
outlet-traction, species, and potential conditions:

‘CBC = )\u,in'cu,in + Au,wﬁu,w + Aa,outﬁa,out + )\c,inﬁc,in
+ Asp,wﬁsp,w + Ac,outﬁc,out + )\d),neuﬁd),neu + )\¢,ref£¢,ref~ (35>
At the membrane, the Interface (IF) residuals are

Ry, = Ju, — A(Am — AP), (36)

RY =u@.m@ RY) —u®.mP 4 g, (37)

R® =ul . ¢, (38)

R(s) _ J(s) . m(s)7 ( )

R((;zn = Vo . m®, (40)

The interface loss is

Lie = Ar (1R, 1) + X SRS + A S (IR
+ Xot D (RO + Apm D (RSP, (41)

The complete objective is
Liotal = LppE + Lac + Lir + AdataLdata- (42)

The supervised term uses sparse finite-element anchors drawn only from
training conditions. Anchors are distributed across the two channels and
contain the six reference outputs at selected mesh nodes. They stabilize the
parameter-to-field map, and the PDE, boundary, and interface terms govern
the unsupervised locations. The interface residual is evaluated independently
of the anchor set, and membrane conservation follows from the paired interface
conditions.

10
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3.4. Adaptive weighting, sampling, and optimization
For loss component j, the weight is updated from its parameter-gradient

norm,
g(t)

D = (1 9N + 5 g = VoL 2. (43)

J t) ’

j + €

Here, g is the mean gradient norm across the active loss components.
Weights are updated every 200 Adam iterations. Because the residuals are

nondimensionalized, equal coefficients are used in the sampling indicator

E(X) = ‘Reont’ + HRmomHZ + Z ‘Rl‘ + ‘Rqﬁ‘- (44>

Every 500 Adam iterations, 1,000 high-residual points are selected from a
5,000-point candidate pool and combined with 300 additional membrane-band
points. The retained high-residual set changes during training, allowing the
collocation distribution to follow the unresolved parts of the pressure—salinity
family. The fixed membrane-band enrichment prevents the adaptive pool from
becoming dominated by the larger channel interiors. Training uses 20,000
Adam iterations followed by Limited-Memory Broyden—Fletcher—Goldfarb—
Shanno (L-BFGS) refinement with validation-based early stopping. Validation
loss and validation power error are monitored during model selection; test and
OOD cases remain untouched. The timed five-seed runs terminate between
23,124 and 31,564 total iterations.

4. Numerical design and evaluation protocol

4.1. Reference solutions and operating conditions

COMSOL provides the primary finite-element solutions, and the FEniCS
finite-element framework supplies an independent numerical check. Both
implementations use the geometry, governing equations, side-specific pressure
conditions, and membrane closure defined above. Membrane-refined coarse,
medium, and fine meshes contain approximately 5.21 x 10%, 1.52 x 107,
and 3.48 x 10° degrees of freedom. Refinement is concentrated around the
membrane and where concentration gradients change most rapidly. Across
six grid-check conditions, the medium-to-fine differences average 0.371% for
water flux, 0.415% for power density, and 0.704% for membrane concentration;
the largest difference is 0.937%. The medium mesh is used for the parametric

11
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Table 1: Physical parameters.

Parameter Description Value

L Membrane-normal extent 5x 1072 m

H Tangential extent 5x107* m

L, Membrane location 2.5 x 102 m

p Fluid density 1000 kg m—3

L Dynamic viscosity 1.0 x 1073 Pa's
Dy Na*t diffusivity 1.33 x 1072 m? s
D_ Cl™ diffusivity 2.03 x 107" m? st
2y, 2 Tonic valences +1, —1

Er Relative permittivity 78.5

A Effective water permeability 4.5 x 1072 m Pa=! s}
T Temperature 298 K

Uin Mean inlet velocity 1.0 x 1073 m s~ !

study. Its discretization differences remain below the surrogate errors, and its
solution time permits evaluation of the complete operating set.
The in-domain parameter box is

AP € [4,16] bar, c¢; €10,0.08] mol L™, cq € [0.45,0.80] mol L.

(45)
It contains 180 distinct conditions: 126 for training, 27 for validation, and
27 for testing. Thirty additional boundary/OOD cases extend pressure to
[2,4]U[16, 18] bar, feed concentration to 0.10 mol L™!, and draw concentration
to [0.35,0.45] U [0.80,0.90] mol L~!. These cases include single-boundary
excursions and combined pressure—salinity extremes. Each finite-element
solution belongs to a single partition. This condition-wise split prevents
spatial information from a held-out reference field entering training.

4.2. Compared models and training protocol

Seven models are evaluated: Multilayer Perceptron Physics-Informed Neu-
ral Network (MLP-PINN), adaptive single ResNet-PINN, parameter-matched
global ResNet-PINN, DeepONet, FNO, POD-RBF, and the membrane-
aligned two-subdomain ResNet-PINN. The matched global network and the
membrane-aligned model contain approximately 1.008 x 105 and 1.005 x 103
trainable parameters. PINN variants use finite-element anchors at 0.5% of

12
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the nodes per training condition unless otherwise stated. DeepONet, FNO,
and POD-RBF use the 126 complete training fields.

DeepONet uses a branch network for (AP, c¢f, cg) and a trunk network
for (z,y). FNO receives the operating parameters as spatially broadcast
channels on the common output grid. POD-RBF interpolates the reduced
coefficients needed to reconstruct the six output fields using Gaussian radial
basis functions. DeepONet, FNO, and POD-RBF receive every nodal value
from 126 complete fields. The PINNs receive 0.5% nodal anchors from
the same cases together with collocation residuals. The comparison covers
complete-field operator learning and sparsely supervised physics-informed
learning. Hyperparameters are selected on the 27 validation conditions. Test
and OOD conditions play no role in model selection.

Table 2: Model capacity and supervision.

Model Parameters Complete training fields Anchors per condition Physics residuals
MLP-PINN 34,000 0 0.5% Yes
Adaptive single ResNet-PINN 51,000 0 0.5% Yes
Matched global ResNet-PINN 100,800 0 0.5% Yes
DeepONet 96,800 126 100% No
FNO 108,200 126 100% No
POD-RBF 18,200 126 100% No
Two-subdomain ResNet-PINN 100,500 0 0.5% Yes

The PINNs start with 10,000 interior, 1,500 external-boundary, and 500
membrane points before adaptive enrichment. The five seeds are 7, 21, 42,
77, and 123. Timing measurements use the same computational environment
and include full-field reconstruction on the common evaluation grid. Since
absolute wall-clock time depends on hardware, the analysis emphasizes within-
environment speed ratios and break-even counts.

4.3. Metrics and statistical analysis

The global concentration error is the mean relative Ly error of the two
ionic concentrations,

100 ||CZ - ijef||2
E.=— —_— 46
> 1 v
The relative power-density error is
P— Pref
Ep = 100g (47)

| Pref |
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The membrane-band concentration error uses the same definition as Eq. (46),
restricted to points within 0.05L of I',,. Interface-flux imbalance is

100 @) . m@ — g @) m@® + J,
- 00 [l Sl 0o l)
2 1T l2 [T l2
Combined-domain mass closure is evaluated on the external boundary,
) /. u-n ds‘
Eyy = 1001222 (49)

Jeoipeo [u-mfds

Internal membrane contributions cancel when the two subdomains are consid-
ered together.

Seed-level results are reported as mean + sample standard deviation.
Condition-wise comparisons use two-sided Wilcoxon signed-rank tests. Holm
correction is applied jointly to the 16 prespecified comparisons between the
membrane-aligned model and the matched global PINN or FNO across four
metrics and two evaluation partitions. Rank-biserial correlation reports paired
effect size. Median, 90th-percentile, and maximum condition-wise errors are
also examined for the membrane-aligned model. Pairwise win rates report the
fraction of conditions on which it gives a lower error than the capacity-matched
global PINN or FNO.

4.4. Operating-window post-processing

Performance metrics are calculated directly from held-out finite-element
and network predictions. A separate response surface summarizes the en-
ergy operating window. Let Ac = ¢4 — ¢y. For the 57 in-domain test and
boundary/OOD conditions, gross power is represented by

P = by + by AP + by AP? + bsAc + baAc® + by AP Ac + beey + b AP ¢ (50)

The same form is fitted independently to the finite-element and membrane-
aligned surrogate outputs. Five-fold cross-validation evaluates predictions
on omitted folds and measures the accuracy of the smooth summary. Since
by < 0 for both fits, the pressure that maximizes fitted gross power within
the in-domain interval is

bl + b5AC + b7Cf 416

AP* =clip |— 5
2

bar. (51)
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The surfaces are fitted after the condition-wise evaluation and play no role in
network training. Their cross-validated errors are reported separately from
the neural-surrogate errors. The MLP-PINN curve in Fig. 4 uses the same
fitted form for visual comparison and is excluded from the map statistics.
Independent finite-element and membrane-aligned surrogate fits yield optimal-
pressure and maximum-power maps over the same feed—draw grid. The map
nodes evaluate the fitted surfaces; the finite-element data remain the original
57 held-out conditions.

The operating consequence of choosing the surrogate optimum is summa-
rized by the fitted-surface power regret

Prani(A Py — Peam(APZ,)

Rp = 100 - sur). (52)
Pepm(AFPfgy)

The value is evaluated on the fitted finite-element surface at the pressure
selected from the surrogate fit.

5. Results and discussion

5.1. Field accuracy and membrane-interface fidelity

Table 3 summarizes the five-seed comparison. All entries are mean +
sample standard deviation, and all errors are percentages. Raising the capacity
of the global PINN lowers mean concentration error from 3.21% for the
adaptive single ResNet-PINN to 2.80% for the parameter-matched global
network. Network size explains part of the gain over the smaller global model.
The membrane-aligned split adds a further improvement under matched
capacity. Relative to the matched global PINN; it reduces global concentration
error by 9.1%, gross-power error by 9.4%, membrane-band concentration error
by 20.3%, interface-flux imbalance by 31.7%, and mass-closure error by 19.1%.

FNO gives the lowest seed-averaged global concentration error, only 0.04
percentage points below the membrane-aligned model. The membrane-aligned
model gives lower errors for gross power, membrane-band concentration, flux
imbalance, and mass closure. FNO efficiently interpolates the global solu-
tion map from complete fields. The two-subdomain PINN applies water-
permeation and solute-rejection conditions directly at the membrane, where
averaged normal water flux enters the power calculation. The global concen-
tration results are effectively tied; the membrane-local and power metrics
separate the two models.
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Table 3: Five-seed model comparison.

Model Global concentration Gross power Membrane-band concentration Flux imbalance Mass closure
MLP-PINN 6.61 £0.17 5.66 +0.21 8.25 +0.35 3.13+£0.08 1.20 £0.08
Adaptive single ResNet-PINN 3.21 +£0.36 3.00 +0.26 4.08 £0.27 1.98 £0.12 0.85+0.07
Matched global ResNet-PINN 2.80+0.43 2.65 £ 0.34 3.53+0.34 1.64 £0.19 0.70 £0.05
DeepONet 2.79+0.25 2.77+0.25 3.92+0.19 3.99 £ 0.05 3.03 £ 0.06
FNO 2.50+£0.47 2.49£0.31 3.54+£0.35 3.62+0.26 2.72+0.05
POD-RBF 4.02+0.28 3.76 £0.15 5.2540.19 5.05 4+ 0.18 4.05+0.07
Membrane-aligned ResNet-PINN 2.54+0.17 2.40+0.19 2.82+0.11 1.124+0.05 0.57 +£0.07
348 Figure 2 compares the finite-element reference, MLP-PINN, and membrane-

a9 aligned model at the representative baseline condition. Differences are concen-
0 trated in the narrow membrane-adjacent region. Figure 3 resolves this region
;51 through centerline profiles; its inset enlarges the interface neighborhood, and
2 “Full ResNet-PINN” denotes the membrane-aligned two-subdomain model.

Full two-subdomain

05 FEM reference MLP-PINN ResNet-PINN =
*T@ ) © 06T,
0.4 4 g . ]
0.5 g
2 031 . . 04 g
g 03 £
> 0.2 1 - i E
0.2 ©
0.1 4 . . g
0.1 =
0.0 - B (;_Jc

0 1 2 3 4 50 1 2 3 4 50 1 2 3 4 5

X (mm) X (mm) X (mm)

Figure 2: Concentration fields at the baseline condition.
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All prespecified in-domain and OOD comparisons with the matched global
PINN remain significant after Holm correction. For FNO, the in-domain
global concentration difference is negligible (1, = —0.032, adjusted p = 0.897).
Gross-power and interface metrics favor the membrane-aligned model, locating
the main difference at the internal interface.

DeepONet, FNO, and POD-RBF use all nodes from 126 training fields.
Each PINN receives anchors at 0.5% of the nodes in the same 126 cases,
together with collocation residuals. The comparison spans complete-field
operator learning and sparsely supervised equation-constrained learning. The
membrane-aligned model reaches its reported power and interface errors with
far fewer labeled nodal values. The finite-element fields still define the training
cases and provide the final evaluation reference.
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Figure 3: Centerline concentration profiles at the baseline condition.

Across the 27 in-domain tests, the membrane-aligned model has a median
gross-power error of 2.40%, a 90th-percentile error of 2.77%, and a maximum
of 2.86%. The corresponding concentration errors are 2.94%, 3.35%, and
3.99%. Its power error is lower than that of the matched global PINN on
70.4% of conditions and lower than FNO on 85.2%. The membrane-band win
rates are 88.9% and 85.2%:; interface-flux imbalance is lower on 96.3% and
100% of conditions. The advantage persists across the held-out operating set,
with FNO remaining competitive in the global concentration norm.

5.2. Salinity-gradient power response and operating-window recovery

Pressure—power curves convert the predicted membrane fields into op-
erating decisions for salinity-gradient power generation. Figure 4 shows
representative slices through quadratic fits to the held-out results. The pres-
sure slice uses ¢; = 0.04 mol L' and ¢; = 0.70 mol L~!; the salinity slice
uses AP = 10 bar and ¢; = 0.04 mol L™!. These curves summarize the fitted
surfaces and introduce no additional finite-element evaluations. The fitted
finite-element response reflects the competition between hydraulic load and
osmotic driving force. At fixed salinity, increasing pressure initially raises
gross power through greater hydraulic work per unit water flux. At higher
pressure, the smaller net osmotic driving force limits water transport. Higher
draw salinity and lower feed salinity shift the response upward by increasing
the available osmotic-pressure difference. The membrane-aligned fit follows
the curvature and ordering of the finite-element fit. Accuracy near the peak
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matters most for pressure selection. Vertical deviations on flat branches have
little operational effect; a horizontal shift near the maximum changes the
selected pressure.

= Finite-element fit
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—e— MLP-PINN fit =—4— Membrane-aligned fit

—o— Membrane-aligned fit

(%))

i

w

Gross power density (W m~2)
Gross power density (W m~2)

[ ]
1 6 8 0 12 4 16 040 045 050 055 0.60 0.65 070 0.75
AP (bar) Ac (mol L)
(a) Pressure variation. (b) Salinity variation.

Figure 4: Gross-power response to pressure and salinity difference.

Five-fold cross-validation of the quadratic fits in Eq. (50) gives R? =
0.960 for the finite-element output and R? = 0.952 for the surrogate output.
The corresponding Root Mean Square Error (RMSE) values are 0.321 and
0.355 W m~2. These fits summarize the pressure-salinity response of each
held-out data set. All neural-surrogate errors reported elsewhere use the
original condition-wise predictions.

Figure 5 shows the fitted operating maps within the in-domain pressure
and salinity bounds. The finite-element and surrogate surfaces are fitted
independently; the plotted grid evaluates these fits and does not add reference
simulations. Across the mapped feed and draw combinations, the finite-
element surface places the optimum between approximately 6.85 and 11.37
bar as salinity difference increases, with fitted maximum gross power between
1.91 and 6.35 W m~2. The optimal-pressure maps differ by 0.03 bar on average
and by at most 0.083 bar. The maximum-power maps differ by 0.017 W m—2
on average, equivalent to 0.48%. Applying the surrogate-selected pressure to
the fitted finite-element surface gives a mean power regret of 0.0017% and a
maximum of 0.0137%. Agreement is closest around the sampled optimum.
Accuracy between sampled conditions is governed by the cross-validation
error of the quadratic fits.
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Figure 5: Operating-window maps from held-out cases.
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Both fitted surfaces have a negative pressure-squared coefficient, producing
a concave gross-power response across the sampled range. The positive
pressure coefficient and positive pressure-salinity-gradient interaction move
the maximizing pressure upward as ¢4 — ¢y increases. Feed salinity adds a
negative contribution, consistent with the smaller osmotic driving force. The
coefficient signs agree with the water-flux relation and the representative
finite-element curves.

The 0.03-bar mean difference is small relative to the 12-bar pressure
interval, and fitted-surface regret stays below 0.014% over the mapped salinity
grid. The central salinity region is more strongly constrained than the corners.
Finite-element confirmation is recommended for optima close to the pressure
or salinity limits.

The rise in optimal pressure with salinity difference agrees with non-ideal
process calculations [4]. Spiral-wound simulations show further shifts from
flow arrangement and module hydraulics [2]; alternative layouts alter the
balance between pressure loss and water transfer [3]. Full-scale optimization
also finds a condition-dependent preferred pressure [1|. The maps resolve the
membrane-scale pressure—salinity response and narrow the region requiring
high-fidelity confirmation.

5.8. In-domain and boundary/OO0OD performance

Table 4 separates the in-domain and boundary/OOD partitions. All
entries are mean condition-wise percentage errors. In-domain global concen-
tration errors are similar for the membrane-aligned model and FNO. The
membrane-aligned model gives lower gross-power and interface errors. On the
boundary /OOD set, its mean power error is 3.888%, compared with 5.158%
for the matched global PINN and 5.167% for FNO.

Table 4: Test and boundary/OOD errors.

Split ~ Model Global concentration Gross power Membrane-band concentration Flux imbalance
Test  Matched global ResNet-PINN 3.474 2.856 4.151 1.858
Test FNO 2.891 2.915 4.005 3.744
Test  Membrane-aligned ResNet-PINN 2.904 2.418 3.337 1.306
OOD Matched global ResNet-PINN 5.673 5.158 6.877 2.365
OOD FNO 5.406 5.167 7.557 4.743
OOD Membrane-aligned ResNet-PINN 4.586 3.888 4.912 1.594

Figure 6 separates the 30 boundary/OOD conditions into low-pressure,
high-pressure/high-draw, high-feed /low-draw, and combined-extreme groups.
Bars show category means, and error bars show one sample standard deviation.
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Mean gross-power error ranges from 3.77% to 4.02%. Concentration error
reaches its highest value for the combined extremes (5.39%), and interface-flux
imbalance remains below 1.67% in every category. Power error is comparable
across the tested boundary directions. Concentration error varies more and
increases when a reduced salinity gradient coincides with multiple parameter
excursions. The combined-extreme group contains two cases and is interpreted
descriptively; the full OOD result uses all 30 conditions.

Across the OOD set, the membrane-aligned model has a median power
error of 3.86%, a 90th-percentile error of 4.54%, and a maximum of 5.12%.
Its maximum interface-flux imbalance is 1.99%. The largest relative power
error occurs at high feed salinity and low draw salinity, where reference power
is below 1 W m~2 and a modest absolute deviation yields a larger percentage.
Maximum OOD power errors are 6.31% for the matched global PINN and
7.10% for FNO. The membrane-aligned model gives the lowest power error
on 90.0% of conditions against the matched global PINN and 86.7% against
FNO. It gives the lowest membrane-band and flux-imbalance errors on every
OOD condition in both comparisons.

FNO performs well within the field distribution represented by the com-
plete training snapshots. Its architecture carries no explicit membrane con-
dition beyond that distribution. The global PINN retains the governing
equations in a single continuous parameterization across both channels. The
membrane-aligned model combines equation residuals with separate channel
representations, and its membrane-local error grows more slowly under the
tested excursions.

5.4. Sparse supervision, component contributions, and numerical consistency

Sparse finite-element anchors stabilize the parameterized physics-informed
problem. With zero anchors, mean concentration, power, and membrane-band
errors are 4.42%, 4.24%, and 5.52%, and one of five runs fails the validation
threshold. At 0.5% of the nodes per training condition, all runs converge
and the errors fall to 2.60%, 2.37%, and 2.98%. Anchor fractions above 1%
produce little additional improvement in concentration. The selected 0.5%
setting stabilizes the parameter-to-field map, with physics residuals retained
throughout the domain.

Figure 7 shows a separate diagnostic run continued to 50,000 total itera-
tions to display the Adam-to-L-BFGS transition and late-stage convergence.
The vertical line marks the optimizer transition, and “Full ResNet-PINN”
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denotes the membrane-aligned model. Timing results use the validation-based
early-stopped runs described above.
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Figure 7: Optimization histories.

In the independently trained ablation batch, the interface loss has the
largest effect. Removing the decomposition raises gross-power error from
2.52% to 2.79% and flux imbalance from 1.14% to 1.77%. Fixed loss weights
raise power error to 3.47%; removing adaptive sampling raises it to 3.96%.
Removing the explicit interface loss increases power, membrane-band, and
flux-imbalance errors to 4.60%, 6.88%, and 5.94%. The architectural split
reduces the approximation burden, and the membrane residuals govern water
exchange and solute rejection between the two predictions. The anchor and
ablation studies were trained as separate batches with their own validation
checkpoints. Their full-model controls are compared within the corresponding
batch. Complete five-seed records appear in the Supplementary Information.

The rounded summary in Fig. 8 reproduces the seed-level ordering. “De-
comp” denotes removal of the membrane-aligned split, and the Supplementary
Information reports the exact five-seed values. The largest degradation follows
removal of the interface loss, followed by adaptive sampling and dynamic
weighting.

Independent checks were performed on the finite-element references. Across
six grid conditions, medium-to-fine differences average 0.371% for water flux,
0.415% for gross power, and 0.704% for membrane concentration. Across all
210 case records, mean COMSOL-FEniCS differences are 0.749% for velocity,
0.885% for pressure, 1.190% for concentration, and 1.516% for membrane flux.
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global concentration results are treated as equivalent.

Figure 9 compares representative centerline profiles from COMSOL,
The finite-

FEniCS, the MLP-PINN, and the membrane-aligned model.

element curves overlap closely. The membrane-aligned profile follows their
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Figure 9: Centerline profiles across solvers and models.
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5.5. Computational value for salinity-gradient operating searches

The mean finite-element solution time is 15.320 s per operating condition.
Full-field inference with the membrane-aligned model takes 0.087 s, giving
a 175x online speedup. Including network training and generation of the
126 training fields, end-to-end cost reaches break-even at approximately 504
queries.

Table 5: Computational cost across query volumes.

Queries Repeated FEM (h) Surrogate end-to-end (h) Time saving (%)

500 2.128 2.145 -0.8
1,000 4.256 2.157 49.3
10,000 42.555 2.375 94.4
100,000 425.553 4.561 98.9

Direct finite-element simulation remains competitive for a few hundred
conditions because the surrogate carries an offline data-generation and training
cost. Beyond the measured break-even point, savings rise quickly. End-to-end
savings are 49.3% at 1,000 queries and 94.4% at 10,000 queries. Screening
100,000 conditions would require an estimated 425.6 h with repeated finite-
element solves and 4.56 h with the trained surrogate, including the same
offline cost. These estimates use measured mean times and the common
full-field output grid.

The trained model supports dense pressure scans for each feed—draw
combination and rapid updates when the admissible salinity range changes.
This is the main computational gain for salinity-gradient power studies, where
many source and pressure combinations may need to be screened before
detailed confirmation. The model can also provide sensitivity evaluations
or initial populations for optimization without a finite-element solution for
every candidate. POD-RBF and FNO have shorter inference times and larger
membrane-local and power errors. The membrane-aligned model remains two
orders of magnitude faster than the reference solver and returns the interface
quantities used in the energy calculation.

5.6. Implications for salinity-gradient power studies

For each feed—draw salinity pair, the surrogate returns a pressure—power
curve, a candidate operating pressure, and the membrane-side fields behind the
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gross-power estimate. Finite-element solutions establish the initial pressure—
salinity sample, after which the surrogate screens a denser set of conditions.
Selected optima and boundary cases can then be returned to the finite-element
solver. This sequence concentrates high-fidelity calculations near the operating
region of interest.

The two-subdomain formulation mainly improves membrane-local quan-
tities. Finite salt permeability introduces reverse salt flux and changes
recoverable power [10]. Internal concentration polarization in the porous
support changes membrane-side concentrations [39]. Channel geometry and
pressure loss add further spatial variation [13]. These effects form part of
detailed PRO models [14]. The aligned split keeps the feed and draw states
distinct and places the corresponding constitutive laws at the membrane
interface.

FNO gives the lowest seed-averaged global concentration error. The
membrane-aligned PINN gives lower gross-power and interface errors. Re-
porting both global and membrane-local metrics reflects the quantities used
in the power calculation.

The maps report membrane-scale gross power. Plant output also depends
on membrane area and auxiliary equipment [4]. Channel-scale concentration
and flow variations shape module hydraulics [11], and site conditions together
with system-level operating choices determine recoverable output [1]. The
surrogate accelerates the local transport calculations that feed into this
broader analysis.

5.7. Scope and limitations

The power metric is gross areal power, P = J,AP, and excludes pumping,
pressure recovery, and auxiliary loads. The membrane is a zero-thickness in-
terface with constant effective water permeability and complete salt rejection.
The model excludes support-layer resistance, internal concentration polariza-
tion, reverse salt flux, spacers, fouling, concentration-dependent transport
properties, and module-scale pressure loss. Osmotic pressure follows the van’t
Hoff relation over the stated concentration range.

The operating maps apply to the membrane-scale model in Section 2
and are separate from commercial-module net output. Process-level analy-
sis requires measured water and salt permeability coefficients [8], support-
layer structural parameters and internal concentration polarization [39], and
channel-scale hydraulic losses [13]. A full PRO model also requires non-ideal
thermodynamics and validation against membrane data [14].
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The quadratic surfaces summarize 57 held-out cases. Their cross-validation
errors define the uncertainty between sampled conditions, and grid-to-grid
differences compare two fitted summaries. The 30 boundary/OOD cases
cover limited excursions around the training box, which defines the reported
extrapolation range.

6. Conclusions

A membrane-aligned two-subdomain physics-informed surrogate was de-
veloped for rapid operating-condition analysis of salinity-gradient power
generation at membrane scale. It predicts the feed and draw transport fields,
water flux, and gross power over changes in pressure and inlet salinity. Sepa-
rate channel networks are coupled through water permeation, normal-velocity
consistency, tangential no-slip, solute rejection, and electrical insulation.

Across five seeds, mean errors are 2.54% for concentration, 2.40% for gross
power, 2.82% in the membrane band, and 1.12% for interface-flux imbalance.
Capacity matching narrows the gain over a global PINN. The membrane-
aligned model still gives lower power, membrane-band, flux-imbalance, and
mass-closure errors. FNO is statistically equivalent in the in-domain global
concentration norm and less accurate for the reported interface and power
metrics.

Independent quadratic summaries of the held-out outputs place the fitted
optimum between 6.85 and 11.37 bar over the modeled salinity range. The
finite-element and surrogate optimal-pressure maps differ by 0.03 bar on
average. Their maximum-power maps differ by 0.48%, and the mean fitted-
surface power regret from the surrogate-selected pressure is 0.0017%.

Mean full-field inference is 175x faster than the finite-element reference.
Including training-field generation and network training, end-to-end cost
breaks even after about 504 queries. Screening 10,000 conditions requires
an estimated 42.6 h with repeated finite-element solves and 2.38 h with the
surrogate. The model screens pressure and salinity combinations within
the tested membrane-scale range. Extension to process scale requires non-
ideal membrane transport, module hydraulics, net-power accounting, and
experimental validation.

Data availability

The data supporting the findings of this study are available from the
authors upon reasonable request.
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